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Origin of Stochastic Optimization

Birth of Stochastic Programming
G.B. Dantzig, Linear programming under uncertainty,
Management Science 1(3), 197-206, 1955

Foundation for Optimization Involving Uncertain Parameters

Birth of Dynamic Programming
R. Bellman, On the theory of dynamic programming, PNAS 38(8),
716-719, 1952
Foundation for Markov Decision Process, Reinforcement Learning,
and Stochastic Optimal Control

Birth of Stochastic Approximation
H. Robbins and S. Monro, A Stochastic Approximation Method,
Annals of Mathematical Statistics, 27(3), 400-407, 1951
Foundation for Iterative Stochastic Optimization Methods
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Important SO Models in ML/AI

Supervised Learning
@ Lasso regression: Reinforcement Learning

min E[((8, u) — v)?] + p||6]|5- @ State space: S

@ Support vector machine: ° ACt_'°n space: A
mein Eu,v [max{0, v(0, u)] + p||0]|3. @ Policy: 7
@ Transition kernel: P

@ Deep learning: _ o
minEy v[Fo(@q...F1(O11)) — V2. | @ min Er s[> _t=07" CtlSo]-

v

v
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Common Challenges for SO in ML/AI

High Dimension (~ 10'%); Large Data volume (~ 10'?)

Parameters

Training dataset size (datapoints)
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Stochastic Optimization Methods

zation methods impact/interact wi

Convex Stochastic Optimization

Classic SA, Robins and Monro (51)
Robust SA, Nemirovski and Yudin (83)
Polyak averaging (90)

Mirror Descent SA, Nemirovski, Juditsky, Lan
and Shaprio (07)

Accelerated SA, Lan (08)

Nonconvex SGD, Ghadimi and Lan (12)
Nonconvex Minibatch SGD, Ghadimi, Lan and Zhang (13)
Nonconvex Acceleration, Ghadimi and Lan (13)

Quickly picked up by ML community

since 2013 partly due to the

popularity of deep learning

Picked up and further refined by ML
community since 2010, e.g.,

- Efficient implementation (e.g..
AdaGrad, ADAM)

- Novel Variance Reduction (for finite
sum)

Trend: structured convex/nonconvex optimization, e.g., in statistical
learning and reinforcement learning

A merging of OR, ML and Al communities

G. Lan, First-order and Stochastic Optimization Methods for Machine

Learning, Springer-Nature, 2020. 6/52
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Outline

@ Deterministic first-order methods

o Gradient/mirror descent
o Accelerated gradient descent

@ Convex stochastic methods

@ Stochastic gradient/mirror descent
@ Accelerated stochastic gradient descent

@ Nonconvex stochastic methods

@ Nonconvex first-order methods
@ Stochastic zeroth-order methods
@ Acceleration for nonconvex problems

@ Structured nonconvex optimization

o Reinforcement learning
@ Policy mirror descent method

@ Current/future research directions

7/52



Deterministic
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(Sub)Gradient descent

Problem

i o= mi)r} f(x). Here () # X  R" is a convex set and f is a convex
X€

function.

Basic Idea
Starting from x4 € R”, update x; by x;.1 = x; — % VI(x),t =1,2,....

Two essential enhancements

@ f may be non-differentiable: replace V1(x;) by g(x:) € Of(x;).
@ Xx;.1 may be infeasible: project back to X.

Xip1 = argminy _y ||X — (Xr — 1:9(Xt)) |2, 1 =1,2,....
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Interpretation

From the proximity control point of view,
Xt1 = argminye)(;HX (Xt —79(xt)) I3
= argmin, ¢ xv1(g(Xt), X — X) + %HX - xt/|3
= argmin, . x e [f(xt) + (9(Xt), X — x0)] + 31X — x5
= argmin, e x71(g(x), X) + g]lx — xll3.

Implication

To minimize the linear approximation f(x;) + (g(x:), x — x;) of f(x)
over X, without moving too far away from x;.

.

The role of stepsize

~¢ controls how much we trust the model and depends on which
problem classes to be solved.

\
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Convergence of (Sub)Gradient Descent (GD)

Nonsmooth problems

fis M-Lipschitz continuous, i.e., |f(x) — f(y)| < M||x — y/l2.

-1

Lot %k = (Sioon)  Siis(vxi). Then
—1

) — 1 < (280em) I = xsllg + ML 4]

Selection of

@ If v = |/ D%/(kM?), for some fixed k, then f(xf) — f* < 15x,
where DX > maXy, x,eX HX1 = XQH.

@ If 5 = \/D%/(tM?), then f(Xf, 1) — f* < O(1)(MDx/Vk).

™ = =
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Convergence of GD

Smooth problems

f is differentiable, and V' is L-Lipschitz continuous, i.e.,
[VH(x) = VI(y)| < Llx = y|l2
Iu > 08t F(y) > f(x) + (F(x),y — x) + ppully — x|

Letvy € (0,2]. Ifyy=~,t=1,2,..., then
fx) — 1+ < el
Moreover, if . > 0 and Qs = L/, then
X = x*||2 < (&) lI%0 — x*|I2,

Qr—1
FOx) — £ < 5(g7 )% llxo — x|
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Adaption to Geometry: Mirror Descent (MD)

GD is intrinsically linked to the Euclidean structure of R":
@ The method relies on the Euclidean projection,

@ Dy, L, u, and M are defined in terms of the Euclidean norm.

Bregman Distance

Let | - || be a (general) norm on R" and || x||. = sup, <1 (X, ), and w
be a continuously differentiable and strongly convex function with
modulus » with respect to | - ||. Define

V(x,2) = w(z) — [w(x) + Vw(x)"(z — x)].

Mirror Descent (Nemirovski and Yudin 83, Beck and Teboule 03)

Xp41 = argming oy v (9(Xt), X) + V(Xe, x), t=1,2,....

GD is a special case of MD: V(x;, x) = ||x — x[3/2.
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Acceleration scheme for smooth problems

Nesterov’s Accelerated gradient descent (AGD)

1) Set x,, = (1 = G,k))_(k,1 + axXk—_1-

2) Compute '(x,) and set
Xx = argmin, ¢y { o (F'(Xx), X) + Bk V(Xk—1,X)},
Xk = (1 = (l’k))_(k,1 + g Xk.

3) Set k < k + 1 and go to step 1).

If Bk > La2 and Bk = (1 — ak)Bk—_1 for k > 1, then
F(Xk) — F(x) < 152 [f (%) — F(X)] + B V(x0, X), Vx € X,
In particular, If o, = 2/(k + 1) and 5 = 4L/[k(k + 1)], then

F(%k) — F(x*) < Jxierny V(%0 x7).

Note: Geometric intuition exists for some precursors in Nemirovski
and Yudin (77,83).
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Acceleration scheme (strongly convex problems)

Assumption: Sy > 0 s.t. f(y) > f(x) + (f'(x),y — x) + splly — x|*.

AGD for strongly convex problems

Idea: Restart AGD every N = [f\/SL//J iterations.
The algorithm.
Input: po € X.
Phaset=1.,2,...:
Set p; = Xy, where Xy is obtained from AGD with xo = p;_1.

Foranyt > 1, we have |p; — x*[|> < (3)![lpo — x*||2.

To have ||p; — x*||? < ¢, the total number of iterations is bounded by
/8L llpo—x" |12
{ 7—‘ log *=—
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Stochastic optimization problems

The Problem: min,cx {f(x) := E¢:[F(x,&)]}.

Challenges: To compute exact (sub)gradients is computationally
prohibitive.

Stochastic oracle

At iteration f, x; € X being the input, SO outputs a vector G(x;, &;),
where {¢;}+>1 are i.i.d. random variables s.t.
E[G(x:, &)] = 9(x) € OV (xy).

Examples:

@ f(x) = Ee[F(x, )] G(xi.&) = F'(xt, &), & being a random
realization of ¢.

@ f(x) =", fi(x)/m: G(xt, i) = f(xt), ir being a uniform random
variable on {1, ..., m}.
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Stochastic mirror descent

The algorithm: Replace the exact linear model in MD with its
stochastic approximation (goes back to Robinson and Monro 51,
Nemirovski and Yudin 83).

Xtp1 = argmin, cxVt(Gp, X) + V(xg, x), t =1,2,. ..

Theorem (Nemirovski, Juditsky, Lan and Shapiro 07 (09))

Assume E[||G(x, £)12] < M?.
=1
B[R] - £ < (Tieon)  [BIVO,x)] + @0) " MEEE 2]

The selection of

@ If ¢ = \/Q2/(kM?) for some fixed k, then E[f(X{) — *] < J/2,
where Q > maxy, wex V(X1, X2).

® If 3 = \/Q2/(tM?), then E[f(X, 1) — ] < O(1)(MQ/V/K).
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Complexity?

Stochastic Optimization: min,x E[F(x, )],
@ One F'(x;, &) per iteration, totally O(1/¢?) iterations.
@ Optimal sampling complexity.
Deterministic Finite-sum Optimization:
mingex {f(X) == 7 3270 fi(x) }
() = i)l < Millx =yl [f(x) = f(y)| < Mlix = yll,vx,y € X
M < M=max; M

lteration complexity iteration cost

202 202 .
MD MEQ” MO m subgradients
€ €

SMD M:292 1 subgradients

SMD saves up to O(m) subgradient computations.
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Explanation and Extension

Examples of favorable geometry
@ X={xeR": x| < 1}, E G0 &IIE] < 1.
Sample complexity: O(1/¢?)
@ X={xeR":Y;xi=1,x> 0} E[IG(x,&)5] <1.
Sample complexity: O(log(n)/?)

Extension to saddle point optimization

@ Stochastic subgradient: (F(x,y, &), —F)(x,y.¢))
@ lteration/sample complexity: O((M?D%.\)/€?)
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Accelerated SGD (SGD with momentum)

Consider
V* = min{V(x) := f(x) + X(x)}.
xeX
X (x) is a simple convex function with known structure (e.g.
X (x) =0, X(x) = [|Ix]l1)-
IL>0,M>0

0 < f(y) — f(x) = (F(x),y = x) < 5lly = x|[> + M|ly — x|.
@ fis represented by an SO, which, given input x; € X, outputs

G(pr[) s.t.
E[G(x, €] = 9(x) € 1(x), E [I1G0x &) — g0 < 0.

@ Covers both non-smooth minimization (L = 0) and smooth
minimization (M = 0);

@ Covers both deterministic case (¢ = 0) and stochastic case
(o #0).
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Accelerated SGD (SGD with momentum)

Accelerated SGD

Choose xg = xp € X.

1) Set x, = (1 — k) Xk_1 + kXx_1-

2) Compute G(x,, &) and set
X = argmin ey {ow[( G &), %) + X ()] + BV (X, %)},
Xk = (1 = Uék))_(k—1 + apXg-

3) Set k «+ k + 1 and go to step 1).

Why was it difficult? AGD was originally designed for deterministic
smooth problems only.

@ Challenge I: a unified analysis for smooth, nonsmooth and
stochastic optimization was missing.

@ Challenge II: does not exist a proper stepsize policy.
e Divergence from aggressive stepsize (v« = ax/SBx = O(k)).
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Convergence Results

If

and Bi= 2 Vt=1,... k,

2
t+1 vi(t+1)

for some 5 > 2L, then

_ - 48V (x,x* 4(MP+5°)(k+2
E[W(Xe) — W] < 270e) | 0 Ee)(c2),

at —

In particular, if k is fixed in advance and
1
3 — B* (MP+0?)k(k+1)(k+2) ] 2
B=p"= max{ZL [ HOF e 42) }

then

E[W(%) - ] < 0(1) (4 + “2)2)
Note: It is possible to design a stepsize policy without requiring k
given in advance by using different stepsize policy or slightly

modifying the algorithm.

21/52



Stochastic Convex
000000080

Remarks

@ A universally optimal method for non-smooth, smooth, and
composite minimization, allowing stochastic (sub)gradients

@ The method can allow a very large Lipschitz constant L without
affecting the rate of convergence.
LOP+(M+Q)Q M+Q

3
LO? (M+Q)Q (M+Q)k2
Accelerated SGD 5z + 7 L<=5
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Strongly convex problems

3 > 08t £(y) — F(x) = (F(x).y — x) > £]ly — x]>.

Theorem: Properly restarting the algorithm, we will find an e-solution
x e X st E[V(Xx)— V"] <cinatmost K := [logVy/¢]| stages.
Moreover, the total number of iterations performed by this algorithm to
find such a solution is bounded by

o) { L max (1 ,log ?) + M +o? } .

W e

@ The iteration-complexity is optimal for strongly convex stochastic
optimization.
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Nonconvex SP problems

Issue: All previous stochastic algorithms require the convexity
assumption to show convergence.
Problem: Consider f* := minyepn f(X).

@ fis differentiable and bounded below, f € 62‘1 (R") :

IVF(y) = VEX)| < Ly — x|, ¥x,y € R,

@ fis not necessarily convex.

@ Goal: computing an approximate stationary point.

@ Well-understood in the deterministic case.

Only stochastic gradient G(x, &) is available at x.
a) E[G(x,&)] = 9(xk) = VF(xk),
b) E[IIG(xk, &) — 9(xk)l?] < o2
No convergence analysis for nonconvex SGD before our work.

24/52



Stochastic Nonconvex
000000000

Motivating examples

° Nonconvex loss or regularization (e.g., deep learning):
= J2 L(x,€)dP(€) + r(x),
where elther the loss function L(x, &) or the regularization
term r(x) is nonconvex, G(x.¢) = ViL(x,&) + Vr(x).

@ Simulation-based optimization

F(x) = Be[F(x,€)].
Here F(x,¢) is given in a black box. Usually only noisy
function values available. No convexity information.

° Endogenous uncertainty
= J FOX,€)aP().
Here f( ) is usually nonconvex even though F(x,¢) is
convex w.r.t. x.

25/52



Stochastic Nonconvex
00@000000

The randomized stochastic gradient method

Algorithm 1 A randomized stochastic gradient (RSG) method
Input: Initial point x, iteration limit N, stepsizes {v}«~1 and
probability mass function Pg(-) supported on {1,... N}.
Step 0. Let R be a random variable with probability mass
function Pg.

Step k = 1,..., R. Compute G(x, &) and set
Xk1 = Xk — Tk G(Xk; §k)-
Output xz.
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How would randomization help?

By the smoothness of f:
2
F(Xes1) < () — ((xe), GOk €)) + 2511 GOk, €612

Taking expectation on both sides w.r.t. £, conditioning on

(&15- - €kq):
Elf(x1)] < F0) = (= $92) 19(x)I1% + §r202.

Applying the above relation inductively, we obtain:

‘zzk” 1 (vk 542) Ellg(x0)|1)
FIF0) — ELF O] + bo® Sy o7
[(x1) = ] +30% Sk -

~———
Dy

M —ri—
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The randomized stochastic gradient method

Theorem: Suppose that Pg(-) and {~«} are set to

2y —1~2
PR(k) = PrOb{R = k} = m, k = 1 ...,N,

ﬁ/k:min{%,ﬁ},k: s N,
for some D > 0. Then,

LD? = D2\
LENVIR)IP < 7+ (D+ %) S
If, in addition, f is convex with an optimal solution x*, then

L
Elf(x) - 1< ¢+ (D+ %) &,
where Dy = |[x1 — x*||.
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Large-deviation properties for the RSG method

Goal: To find an (¢, A)-solution x € £ in a single run of the RSG
algorithm s.t. Prob{[|Vf(X)||> < ¢} > 1 — A for some A € (0,1).

@ By Markov’s inequality, iteration-complexity of finding an

2p2 o 2\ 2
(e, \)-solution: O {L,\f’ + k—i (D+ %’) ”22} :

€
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A two-phase randomized stochastic gradient
method

Algorithm 2 A two-phase RSG (2-RSG) method

Input: Initial point xq, iteration limit N, sample size T, and

confidence level A € (0,1).

Initialize: Set S = [log2/A].

Optimization phase:

Fors=1,...,S:

Call the RSG method with input xq, iteration limit N,
stepsizes {7} and probability mass function P same
as in RSG method. Let xs be the output of this
procedure.

Post-optimization phase: Choose x* from {xi,..., Xs} s.t.

lg(x*)I| = mins—1__sl9(Xs)ll, 9(Xs) := 7 Skt G(Xs, &k)-
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A two-phase randomized stochastic gradient
method

@ lteration complexity of 2-RSG method for finding
(e, \)-solution:

12D2 log(1/A =~ p2\2 o2 . log2(1/A)o?
o{f EUR 12 (D+ ) tog(1/)% + =GN }

@ When the second terms are the dominating ones in both
bounds, considerably smaller than the previous one up to a
factor of

o {1/(n210g?(1/A)) }.

@ The third term can be improved by a factor of 1/A under

certain light-tail assumptions about &.
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Stochastic zeroth-order oracle

Only stochastic function values are available:
@ Atiteration k, xx € £ being the input, one can compute
F(Xk, &) st
E[F (X, &)l = f(xk)
@ Derivative-free methods (Conn et al. 09, Rios and
Sahinidis 13)

o Limited study on the complexity issues (Nemirovski and
Yudin 83, Nesterov 11) focused on the convex case only.
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Gaussian smooth approximation

@ Use a approximation of f whose gradient is computable by
function values.

@ Gaussian smooth approximation of f is given by

fu(x) = ﬁ Jo f(x + puye 21U du = By [f(x + pu)].

@ Gradient of 7, is given by
— 1 s =) o5 llul?
Vf;l,(x) = (2ﬂ)g jg 7 ue 2 au.
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More on Gaussian smoothing

@ f, has a Lipschitz continuous gradient with constant
L/J, S L:

2
o |VI(x)I? < 2| VA(X)|? + 5 L2(n+4)2,

o [f,(x) — f(x)| < £Ln,
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A randomized stochastic gradient free (RSGF)
method

Algorithm 3 A two-phase RSG (2-RSG) method
Input: Initial point xq, iteration limit N, stepsizes {vx}x>1,
probability mass function Pg(-) supported on {1,..., N}.

Step 0. Let R be a random variable with probability mass
function Pg.
Step kK = 1,...,R. Generate a Gaussian random vector
ux and call the stochastic zeroth-order oracle for computing
G,u,(xka fk) given by 7

G (Xk, &) = F(Xk+MUk>5;)*F(Xk~,§k)uk’
set X1 = Xk — Yk Gu(Xk, Ek)
Output xz.
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Convergence of the RSGF method

Theorem: Suppose that the stepsizes {~}, the probability
mass function Pg(-) and the smoothing parameter ;. are set to

o D
Tk = Unia mm{4L\/n+4 mf}

B g w2l
Pg(k) := Prob{R = k} = SN (A,,ksz(nJr:)«,f)’

1 : Dy
S (n+4)N min { 2(n+4)’ Dx
Then, under assumption A3, we have

12(n+4)LD? = D21 .
VE[|V/(xa) 2] < C(N) = 2% 4 4v/n+2 D+ Z| 2.
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A randomized stochastic gradient free (RSGF)
method

Theorem: If the problem is convex with an optimal solution x*,
then,

B[f(xq) — ] < X005 1 ovn+a [D+ 5] =
where Dy = [[x; — x*|.
@ Improving Nesterov’s bound for general CP (O(n/+/N).
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Further developments

@ Stochastic nonconvex composite optimization
@ Nonconvex accelerated gradient method

@ Finite-sum and distributed optimization methods

e Variance reduced gradient methods

e Randomized primal-dual gradient methods
o Gradient extrapolation method

e Decentralized communication sliding

@ Projection-free methods

See G. Lan, “First-order and Stochastic Optimization Methods
for Machine Learning”, Springer, 2020.
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Stochastic dynamic programming

State s,
Cost ¢,

: Agent
State Sy,p Enwronment :

Cost Cyyq

Action a,

@ Interaction between agents and environment

@ Improve agents’ decisions through these interactions
@ State: the status of environment

@ Action: the behavior of agent

@ Optimal policy: the best action at a state

39/52
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Markov decision process (MDP)

Finite Markov decision process M = (S, A, P, c, 7).
@ S: afinite state space
@ A: afinite action space
@ P:S8 xS x A— R:transition model
@ c: S x A — R: cost function
@ ~ < (0,1): discount factor
@ policy m: A xS — R:
probability of selecting an action at a given state.

In Reinforcement Learning (RL): 7 unknown.
@ Generative model: can query next state at any (s, a) pair.
@ Single-trajectory model: does not permit system restarts at
arbitrary state-action pairs; once initiated, the trajectory
must be followed sequentially.
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Fundamentals of MDP

@letAy={pecRA S p=1p>0i=1,... |A.
Policy m € M := A4 x ... A 4.
N———
|S| times
@ State-value function:
VT(s) = Ex X120 Vet 1So = s].
~~
discounting future costs
@ Action-value function:
Q"(s,a) =K [YZov'c(st ar)|so = s,a = a.
@ Objectives: find 7* 1 such that
Vi(s) = V™ (s) < V7(s),¥r c Mforall s € S, and
Q*(s,a) = Q" (s,a) < Q"(s,a),Vr € N for all
(s,a) e S x A
@ Bellman’s optimality condition guarantees the existence of
7" that achieves all these goals simultaneously.
41/52
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Dynamic Optimization Methods

@ Value iteration (Bellman 1957, Shapley 1953): iteratively
updates the estimate on V* according to Vi1 = LV with
LV :=mingen{c, +vP:V}. Here
Pr(s,8') =3 scum(als)P(s']s,a),V(s,8') € S x S.

e Linear convergence

@ Polynomial time algorithm (Tseng 1990).

@ Stochastic value iteration led by Sidford, Ye and co-authors,
2018.

@ Q-learning: similarly updates the estimate on Q*.

@ Policy iteration (Howard, 1960): iteratively calculates Q"«
and sets mx1(:|S) € Argmin,cp , (Q7(S, ), p),VS € S.
o Actor-critic algorithms, on-policy learning.
e Linear convergence
e Strongly polynomial time algorithm (Ye 2011).
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Linear Optimization Methods

@ Linear programming formulation (DEpenoux 63, de
Ghellinck 60):

min ZSZQE.AC(37 a)X(37 a)
st. Yo x(s',a) — > o> acaVP(S]s, a)x(s,a) = 1,Vs
x(s,a) > 0,Vs,Va

max »_ . V(s)
s.t. V(s) <c(s,a)+v> ¢P(s']s,a)V(s), Vs, Va.

@ Dantzig’s Simplex method (1947) is strongly polynomial
(Ye, 2011).
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Nonlinear Optimization Methods

Nonlinear programming formulation:
mﬁin {fp(ﬂ') =Y sesP(S)VT(S)}

st 7w(:|s) € Ay, S €S,

where p ¢ Rl is selected such that p(s) > 0, s € S, and
ZSES/)(S) =1.
@ Objective function f, is nonconvex with respect to .
@ The feasible set, represented by the Cartesian product of
simplexes, is convex.
@ Evaluating f, typically involves sampling according to the
transition probability 7.
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Pros and Cons

@ Dynamic optimization
e Value iteration: simple schemes, rich theory for
deterministic and stochastic cases, but unfriendly to

function approximation to handle large state/action spaces,
requiring generative model.

o Policy iteration: simple schemes, rich theory for
deterministic case only.
@ Linear optimization

@ Rich theory for deterministic and stochastic cases.
@ Unfriendly to function approximation and possible nonlinear
components, requiring generative model.
@ Nonlinear optimization

o Friendly to function approximation, nonlinear components,
applicable to both generative and single-trajectory models.
e Theoretical studies are lacking behind.
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Research objectives

@ Goal: Novel stochastic first-order algorithms for RL

@ Approach: study NLP algorithms for both policy
optimization and policy evaluation and their interactions.
@ (i) Policy optimization methods (e.g., policy mirror descent)
to update policy
o (ii) Policy evaluation method (e.g., stochastic variational
inequality methods) to compute first-order information for a
given policy

@ Focus: performance guarantees (i.e., complexity bounds).
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Existing Policy Gradient Methods

@ Widely used methods utilizing first-order information of f.
@ Performance guarantees are NOT competitive with other
MDP/RL methods (Agarwal, Kakade, Lee, Mahajan '19) .

o lteration complexity in the deterministic case: O(1/¢)
e Sample complexity for RL: O(1/¢%)

Research questions

Can policy gradient type methods achieve comparable or even
stronger convergence properties than other RL methods?

47/52



Structured Nonconvex
000000000800

Policy Mirror Descent

Algorithm 4 The policy mirror descent (PMD) method (Lan
2021)
Input: initial points 7y and stepsizes 7, > 0.
fork=0,1,...,do
Ts1(1s) = argming gca , {(Q™(s,). p(18)) + LD (s)}
end for

Note:
@ Reduces to Policy lteration if 1, = .

@ Proximal mapping subproblem may have an explicit
solution, e.g., when Dﬁk is the KL divergence.

@ Linear convergence (Lan 2021; Li, Lan and Zhao 2022;
Xiao 2022)
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Stochastic Policy Mirror Descent (SPMD)

@ Given stochastic estimator O™+, SPMD update:
Th1(:[S) = argminp(_‘s)eAw {m(Q%(s, ), p(-]8)) + DR (s)} -
@ Convergence analysis exploits the separation of bias and
variance.
@ Sample complexity (Lan 2021): under both generative and
single-trajectory models

e O(1/¢?) for general problems.
@ O(1/e) for regularized problems.
e The latter has not been achieved by any other methods.
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Other Outcomes

@ Surprising properties of PMD
o Implicitly explores state and action spaces ( Li and Lan 23).
o Distribution-free convergence, strongly polynomial time and
accuracy certificates (Ju and Lan 2024)
@ Policy optimization over general state and action space (Ju
and Lan 2022)
@ Accelerated policy evaluation (Kostalis, Lan and Li 2019,
Li, Lan and Panajady 21)
@ Safe RL (Xu, Liang and Lan, 2020), Robust RL (Li, Lan
and Zhao 2021), Average-cost RL (Li, Wu, Lan 2022)
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Summary

@ Gradient/mirror descent and its acceleration

@ Stochastic gradient/mirror descent (SGD)

@ Accelerated SGD (SGD with momentum)

@ Nonconvex stochastic gradient descent

@ Policy mirror descent for reinforcement learning
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Active research areas

@ Parameter-free methods

@ Risk-averse/distributional robust optimization
@ Reinforcement learning through optimization
@ Integrated modeling and algorithm design
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